In this work a multibody collision model, amenable to large-scale computation, is developed to simulate a jet of near-field grains impinging on a surface. This model is developed by computing momentum exchange for grain-grain and grain-surface interactions. The grain-grain interactions consist of collisions as well as near-field interactions. The analysis of these flows is separated into three components: (1) volume averaged quantities; (2) average surface tractions; and (3) average outflow conditions. For the surface stress calculations, parametric studies are performed on the properties of the surface and the grains through their coefficients of restitution, the strength of the near-field interactions, and the angle of attack of the jet. For the outflow calculations the flux of momentum through the simulation space is performed for varying near-field forces between the grains and varying degrees of surface roughness.
INTRODUCTION
There are many applications where granular materials strike a surface, for example manufacturing processes such as abrasive machining, fluid jet polishing, blast cleaning, and shot peening. Recently, several micro-and nanotechnology applications have emerged where the effects of near-field interaction between near-field grains and momentum exchange through mechanical contact must be taken into account in the analysis of these flows. For example, for many materials, relatively large electrostatic charges can build up for grains below the one millimeter scale. For general overviews of different granular physical phenomena, we refer the reader to work by Behringer and collaborators [1] [2] [3] , Hutter and collaborators [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , and Jaeger and collaborators [18] [19] [20] [21] [22] [23] [24] [25] [26] .
D. ARBELAEZ, T. I. ZOHDI AND D. A. DORNFELD
In [26] , Cheng et al. deal specifically with granular jets impinging on a surface. In this work, they demonstrate the similar physical behavior between a densely packed granular jet and a zero-surface tension fluid through experiments. Recently, Zohdi [27] [28] [29] [30] has dealt with the computational aspects of granular flows including agglomeration in thermo-chemically reacting media, charge-induced clustering, and particle-fluid systems. In this work, we adapt aspects of these algorithms and develop analysis techniques to simulate a jet of near-field grains striking a surface that includes the following interactions: grain-grain and grain-surface collisions and grain-grain near-field forces. Specifically, these methods are extended to include rotation of the spherical grains, grain-surface collisions, and time-step size adaptivity to ensure that all possible grain-grain and grain-surface collisions are detected.
In this work, the analysis of these flows is divided into three parts: (1) volume averaged quantities; (2) average surface stresses; and (3) average outflow conditions. For the first part, desired quantities such as the density or velocity of the flow are computed by averaging over volumes in 'snap-shots' on a grid over time. For the second part, the examples focus on fairly dense granular flows, where the interaction between grains approaching the surface and those rebounding from the surface is significant. For these cases, the interactions between the grains affect the stress profile on the surface substantially. Previous research has been conducted on interference effects in non near-field particle streams. In [31] [32] [33] , Ciampini, Papini, and collaborators develop and use an event-driven MD simulation to study the effect of interference between incoming and rebounding particles on the available power transferred to the surface. Owing to the event-driven nature of the simulation, near-field forces cannot be considered using their algorithm. In this work, a different analysis method is also presented, where the average stress is computed over the entire surface to obtain a surface stress profile. Finally, for the third part of the analysis, the flux of desired quantities across the interface of a control volume is measured. ‡ For the surface stress calculations, two-and three-dimensional examples are presented. For the outflow calculations, statistical moments of the flux profiles are defined and sample two-dimensional calculations are presented.
SYSTEM CONFIGURATION
In this section, an algorithm is developed to model the particulate flow coming from a source, striking a surface, and moving outside of the region of interest. Figure 1 shows a schematic of the simulation, here the source is the inflow region, where the grains are introduced, and the region of interest is bounded by the outflow region, where the grains are removed from the simulation. Initially, spherical grains § are placed at random positions in the inflow region for the given volume fraction, and they are prescribed velocities that match a given velocity profile. The introduction of new grains is performed subject to the constraint that the volume fraction of grains in the inflow region remains constant over time. In order to meet this constraint, a new grain is introduced in the inflow region whenever another grain leaves this region. Specifically, it is introduced at the top of the box in a random spot along the e 1 direction. The grains are introduced at the top of the box so that the volume fraction remains fixed until the grains start interacting with one another near the surface. Whenever a grain leaves the outflow box it is removed from the simulation.
MATHEMATICAL FORMULATION
In this model the following interactions are considered: grain-grain near-field interactions, graingrain collisions, and grain-surface collisions. Once these interactions are modeled the position of each grain is found from the equations of motion
where m i and I i are the mass and moment of inertia of grain i, respectively; r i is the position of the centroid of grain i, x i is the angular velocity of grain i, W nf i is the near-field force, W c i is the contact force, W f i is the friction force, and M f is the total moment due to friction acting on grain i. Note that in this work the grains are always assumed to be spherical.
In [27] , Zohdi introduced a model for the impact between grains under the influence of near field and other external forces. This model is used to determine the normal and frictional forces for grain-grain collisions. In this work, this model is extended to include the effect of the rotation of the grains on the frictional forces during the grain-grain collisions. All of the equations derived in [27] are reformulated with this in mind. Another improvement on the model introduced in [27] is the inclusion in this work of grain-surface collisions with normal and frictional forces. As with the grain-grain collisions, the grain-surface interactions include rotational effects. In Section 6 a measure of the average stress on the surface is introduced. The inclusion of rotational effects during the grain-surface collisions is critical to accurately resolve the average shear stress on the surface. The simplest example of this is a rotating grain approaching a surface in the surface normal direction. If rotational effects were not included in the friction force, a significant error could be made in this calculation. In the following subsections the models for each individual interaction will be presented. 
Grain-grain interaction
The grain-grain interaction consists of near-field forces and contact and frictional forces at the contact point on each grain. This is equivalent to a force and a moment acting on the center of each grain. Consider the two spheres with mass m i and m j , which are shown in Figure 2 , their motion is described by their centroid velocities v i and v j and their angular velocities x i and x j as they approach each other. Assuming that the spheres do not deform, they will come in contact at point p i on sphere i and at point p j on sphere j. The velocity of grain i at point p i is given by v pi = v i +x i ×(r i n i j ), whereas the velocity of grain j at point p j is given by v pj = v j −x j ×(r j n i j ), where n i j = (r j −r i )/ r j −r i is a unit vector pointing from the center of grain i to the center of grain j, r i and r j are the positions of the centroids of grains i and j, respectively; and r i and r j are the radii of grains i and j, respectively. The relative velocity between the point p i on sphere i and at point p j on sphere j is given by v rel = v pj −v pi . The vector v rel can be decomposed into normal and tangential components v rel = v n rel n i j +v t rel t, where t is given by
An orthonormal basis can now be defined by the vectors (n i j , t, s), where the transverse unit vector is given by s = n i j ×t. When these grains come into contact, the force on grain i is given by f i = − f c n i j + f f t, the force on grain j is given by f j = f c n i j − f f t, the moment on grain i is given by M i = (r i f f )s, and the moment on grain j is given by M j = (r j f f )s, where f c 0 and f f 0.
Near-field interaction.
In this work the near-field interaction is modeled by a general centralforce attraction-repulsion form given by 
Normal contact interaction.
The contact interaction between the grains is computed through a balance of linear momentum in the normal direction. The balance of linear momentum, in the direction n i j , for a grain i is given by
where t corresponds to the time immediately before the grains come into contact, t is the impact duration time, t + t corresponds to the time immediately after the collision occurs, t f c = t+ t t f c dt, and E in = E i ·n i j , where E i is the sum of external forces acting on grain i. In this case f c is interpreted to be the average normal impulsive force. Similarly, for grain j, the balance of linear momentum in the normal contact direction gives
where E jn = E j ·n i j and E j is the sum of external forces acting on grain j. In order to solve for the velocities after impact, an estimate for the coefficient of restitution, e, must be provided. (6) which is the ratio of the impulse during the recovery phase, occurring in the time interval (t + t 1 , t + t), to the impulse during the compression phase, occurring in the time interval (t, t + t 1 ). The balance of momentum for both grains can also be divided into a compression phase and a recovery phase. For the compression phase the balance of momentum for grains i and j in the normal direction is
where v cn is a common velocity for both grains since their relative velocity in the normal direction vanishes at time t + t 1 . Similarly, for the recovery phase, the balance of momentum for grains i and j in the normal direction is 
Using Equations (4), (5), and (9) the normal impulse is given by
In order to use Equation (10), estimates must be provided for the coefficient of restitution and the impact time. For extensive experimental data on the coefficient of restitution see Goldsmith [34] .
The impact time can be estimated using solutions for linear elastic bodies, for example, see the work by Johnson [35] for details. As an approximation, Equation (4) can be discretized in time, with time step t, giving the following equation as:
where t t and E in t = t+ t t E in dt. Equation (11) can now be rewritten as
noting that m i (v in (t + t)−v in (t))/ t is a difference formula for m ivin , then the normal contact contribution of grain-grain interaction force can be defined as
Frictional interaction.
The friction force between the grains is computed through a balance of linear momentum in the tangential direction, and a balance of angular momentum in the transverse direction for grains i and j. The balance of linear momentum, in the tangential direction, for grain i is given by
where t f f = t+ t t f f dt, so that in this case f f is interpreted to be the average friction force for the grain-grain collision, and E it = E i ·t. For grain j the balance of linear momentum in the tangential direction is
where E jt = E j ·t. The balance of angular momentum, in the transverse direction, for grain i is given by 
where M js = M j ·s is the sum of external moments on grain j in the transverse direction. For the frictional interaction, a Coulomb friction stick-slip model is used, where during contact the grain will stick at the contact point if f f s f c , where s is the static coefficient of friction, and the grain will slip otherwise. In order to determine the friction force, the assumption that the grains stick is first adopted. Therefore, v t rel = 0, which leads to the following kinematic relation at time t + t
Using Equations (14)- (18) and I i = 2 5 m i r 2 i for a sphere, the tangential impulse is given by
Now that the friction force has been determined with the sticking assumption, this assumption must be verified. If f f > s f c , then the sticking assumption does not hold and slip occurs. Using the Coulomb friction model, the friction force is f f = d f c , where d is the dynamic coefficient of friction. In summary, the grain-grain frictional interaction, applied to the discretized equations, is given by
Grain-surface interaction
The grain-surface interaction consists of contact and frictional forces at the contact point on the grain. This is equivalent to a force and a moment acting on the center of the grain. Consider the sphere with mass m, which is shown in Figure 3 , its motion is described by its centroid velocity v and angular velocity x as it approaches a surface with normal n. Assuming that the sphere does not deform, it will come in contact with the surface at point p. The velocity at this point is given by v p = v−x×(r n). The vector v p can be decomposed into normal and tangential components v p = v n n+v t t, where t is given by An orthonormal basis can now be defined by the vectors (n, t, s) where the transverse unit vector is given by s = n×t. Using these definitions the force on the grain is given by f = f c n− f f t and the moment on the grain is given by M = (r f f )s, where f c 0 and f f 0.
Normal contact interaction.
The contact force between the grain and the surface is computed through a balance of linear momentum in the normal direction. The balance of linear momentum, in the direction normal to the surface, for grain i is given by
where t f c = t+ t t f c dt, so that in this case f c is interpreted to be the average normal impulsive force exerted by the surface on the grain, and E in = E i ·n, where E i is the sum of external forces acting on grain i. The compression phase for the grain occurs for the time interval (t, t + t 1 ), for this interval the balance of linear momentum in the normal direction of contact is given by
where v cn = 0 since the relative velocity in the normal direction between the surface and the grain vanishes at time t + t 1 . For the recovery phase that occurs in the time interval (t + t 1 , t + t), the balance of linear momentum in the normal contact direction is given by t+ t
823 where on the left side of Equation (24) a momentum term does not appear since the velocity of the grain at time t + t 1 vanishes. Using the definition given in Equation (6), the coefficient of restitution is
Using Equations (22) and (25), the velocity of grain i in the normal direction after impact is the normal impulse is given by
Similar to the interaction force for the grain-grain contact interaction given in the previous section, the grain-surface contact interaction applied after discretization is
Frictional interaction.
The friction force between the grain and the surface is computed through a balance of linear momentum in the tangential direction, and a balance of angular momentum in the transverse direction. The balance of linear momentum, in the tangential direction, for grain i is given by
where t f f = t+ t t f f dt, so that in this case f f is interpreted to be the average friction force exerted by the surface on the grain, and E it = E i ·t. The balance of angular momentum, in the transverse direction, for grain i is given by
where r i t f f = t+ t t (−r i n)×f·s dt is the moment of impulse exerted by the surface on the grain, and M is = M i ·s is the sum of external moments in the transverse direction.
For the frictional interaction the same Coulomb friction stick-slip model that is used for the grain-grain interaction is employed. In order to determine the friction force, the assumption that the grain sticks is first adopted. Therefore v p ·t = 0, which leads to the following kinematic relation at time t + t:
Using Equations (28)- (30) and I i = 2 5 m i r 2 i for a sphere, the tangential impulse is given by Now that the friction force has been determined with the sticking assumption, this assumption must be verified. If f f > s f c , then the sticking assumption does not hold and slip occurs. Using the Coulomb friction model, the friction force is f f = d f c , where d is the dynamic coefficient of friction. In summary, the grain-surface frictional interaction, applied to the discretized equations, is given by
TEMPORAL DISCRETIZATION AND ITERATIVE SOLUTION
In this work the set of ordinary differential equations is solved using the implicit Euler method. For the first-order systemẏ = f , the implicit Euler scheme is given by y
(t + t) = y(t)+ t f (t + t).
The discretization of Equation (1) is then given by
where the superscripts L and L +1 correspond to the times t and t + t, respectively. Note that M tot i corresponds the average moment exerted during a collision, which is taken to be constant during the impact; therefore, there is no L or L +1 superscript on M tot i . To solve Equation (33) , an iterative scheme must be used. One possible solution scheme is Newton's method; however, the tangent matrix may not be easy to form due to the lack of smoothness of the trajectories of the grains. This lack of smoothness is produced by the impacts of grains with other grains or surfaces. Another option is to use a fixed point iteration that usually converges at a slower rate but is expected to be more robust. In order to solve Equation (33) with a fixed point iteration, it is written as
where k indicates the iteration count. In [27] [28] [29] [30] , Zohdi shows that the error at iteration k can be bounded by e k k e 0 , where ∝ t 2 /m i . Therefore, the fixed point iteration is guaranteed to converge when <1, implying that the method converges as long as the time-step size is small enough. If convergence is slow within a time step, the time-step size can be reduced to increase the rate of convergence; however, it is desirable that the time-step sizes are maximized in order to reduce the computation time. By controlling the number of iterations needed for convergence, Zodhi [27] [28] [29] [30] derives the following expression for time-step adaptivity:
where Tol is the convergence tolerance, k d is the desired number of iterations, and p = 2 corresponds to the exponent on t in the expression ∝ t 2 /m i . When the solution does not converge in the desired number of iterations, Equation (35) can be used to compute a new time-step size from the previous time-step size used. If the solution does converge in less than k d iterations, then the timestep size can be recomputed in order to achieve convergence in the desired number of iterations for the next time step. When this occurs the method computes a larger time-step size for the next time step. It is important that the time-step size does not increase above a point where collisions are missed or the truncation error becomes too large. For this reason, a maximum time-step size, t lim , is chosen to ensure that the physics of the process is not lost in the numerical discretization. At the implementation level, the smallest of the iteration-limited and collision-limited time-step sizes is chosen. In event-driven molecular dynamics, the simulation is moved forward as events occur (i.e. collisions). The reader is referred to [36] or [37] for a detailed description of these types of simulations. In order to move the time step forward, the time for the next collision is computed. In these types of simulations only collision interactions are considered; therefore, the collision times can be computed exactly. In this work, this is not possible since near field and other external forces are considered. However, as similar approach can be used to control the time-step size such that no collisions are missed in the simulation.
First, the collision time is calculated as it would be in an event-driven simulation, for this case near field and external forces are neglected. Consider two spheres i and j with radii r i and r j , respectively. The spheres collide when the following is satisfied:
where t c corresponds to the time when the grains first come into contact. Since no forces are considered to act on the grains, the position of grain i at time t c can be expressed as
where t is the current time. A similar expression can be written for grain j, and using Equations (36) and (37) produces a quadratic equation for t c
where (38) is then solved to determine the collision time interval
where
. Equation (39) represents the following three possible scenarios regarding the collision between grains i and j:
1. Either r i j ·ṙ i j >0 or r i j ·ṙ i j <0. If r i j ·ṙ i j >0 the grains are moving away from each other and a collision cannot occur; therefore, a collision is only possible if r i j ·ṙ i j <0. 2. Either C i j <0 or C i j >0. If C i j <0 the collision time is a complex number, this represents the case when grains do not collide. Therefore, if C i j >0 and r i j ·ṙ i j <0 then a collision will occur and Equation (39) can be used to compute the collision time. In the previous discussion, it was assumed that no external or near-field forces act on the grains. Since this is not the case, it is not possible to predict the collision time in such a simple manner. However, in this work it is not necessary to determine exact collision times, the goal is to adapt the time-step size in order to prevent interpenetration of grains. The time-step size should be chosen so that at any time two grains may only overlap by a small fraction of their radii. Therefore, at time t, the maximum time-step size should be the sum of the collision time interval, t c = t c −t, and the maximum allowable overlap between grains, min(r i ,r j )/ ṙ i j . Since no external or near-field forces were considered in the calculation of the collision time interval, t c is scaled by a factor <1. ¶ In summary, the limiting time-step size as determined by grain-grain collisions is
where t c is determined using Equation (39) . In a similar manner, the limiting time-step size for a grain-surface collision can also be calculated. In this case, the collision time interval for a grain-surface collision is
where d i j is a vector from any point on the surface of triangle j to the center of grain i, n j is the normal to triangle j. Note that ifṙ i ·n j >0, the grain is moving away from the surface and contact is impossible. In practice, the limiting time-step size chosen is the sum of maximum allowable overlap between the grain and the surface and a scaled factor of the collision time interval. The limiting time-step size as determined by grain-surface collisions is then
where, in this case, t c = t c −t is determined using Equation (41). The pairwise limiting time-step size, t lim i j , is computed for all of the potential contact partners as determined by a standard binning algorithm. This is critical to the efficiency of the algorithm since the limiting time-step size is only computed for grains that are near each other. The limiting time-step size that is used at time t is then the minimum of all t lim i j . Time-step adaptivity is critical to the efficiency and accuracy of the solution since the system fluctuates greatly over time. In this work two levels of adaptivity are used, the iteration convergence level and the collision interpenetration level. At the iteration convergence level, only the error (see 3(a) in the list below) between successive iterations is computed which costs order N operations. For the collision interpenetration level, the approximate collision times are computed for only grains that are near each other, which depending on the distribution of the grains, is approximately an order N operation. Therefore, the cost of determining the adaptive time-step size for both the first and second levels of adaptivity is negligible compared with the force summation operation for near-field grains. A description of the time-stepping scheme is given in the following list.
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Summary of time-stepping scheme:
3. Compute the error for the kth iteration: (1) 5. TIME-AND VOLUME-AVERAGED QUANTITIES The simulations are performed over a time range T , during this time the system is in a state of fluctuation from one configuration to another. In order to determine the effective response of the system, the observed quantities for each configuration can be averaged in space and time.
Time averaging alone can be used to determine the effective response for quantities that are not spatially dependent, for example the total kinetic energy of the system. Volume averaging is used to determine average quantities for a region in space. This can be used with interpolation to build a 'continuous' response of the system. Both time and volume averaging can be used in conjunction to determine an average 'continuous' response. In order to determine average quantities in space, the simulation region is broken up into grid cells. The space is broken up into N x N y N z grid cells, where N x , N y , and N z are the number of grid cells in the x, y, and z directions, respectively. Each grid cell is assigned a set of indices, (i x , i y , i z ), and a position, which corresponds to the center of the grid cell. For a quantity , its average for the grid cell where
is the number of grains with their center inside the grid cell with indices (i x , i y , i z ), and j is the value of the desired quantity for grain j. In order to determine the effective response in both time and space, volume and time averaging can be used together. At each time, the value of a desired quantity is determined for each grid cell, forming a series of 'snap-shots' of spatially averaged quantities. These 'snap-shots' are then averaged at each grid cell to determine their time average. Figure 4 shows an example of the volume average density and velocity for a granular jet simulation.
SURFACE STRESS
Since the grain-surface collisions are modeled through coefficients of friction and restitution there is no measure of the force on the surface during the collision. However, the normal and tangential impulses from each impact can be determined with Equations (26) and (31) . Using these impulses, an average surface stress can be defined. In the first part of this section, an analytical solution is presented for the average normal stress on the surface if grain-grain interactions are neglected. In the next section, a description of the numerical algorithm used to measure the averaged surface stress is presented. 
Non-interacting granular jet
In order to determine the effect of the grain-grain interactions on the average stress on the surface, first, the average stress from an idealized non-interacting jet is determined. Figure 5 shows a schematic of the non-interacting granular jet, where is the angle of attack, dS is the area of a differential element, and v 0 is the velocity of the jet. The pressure on the surface can be derived using kinetic theory. Let N (v 0 , , m, t) dv 0 d dm be the number of grains having velocities within dv 0 of v 0 , angles within d of , and masses within dm of m, which approach dS in time dt. This must equal the volume that contains the grains that approach dS in time dt multiplied by the number density of the grains within the velocity, angle, and mass range at time t. This is represented by
where f (v 0 , , m, t) dv 0 d dm is the fraction of grains having velocities within dv 0 of v 0 , angles within d of , and masses within dm of m, and N is the number of grains within volume V at time t. Since it is expected that v 0 , , and m are independent, then
where (v 0 , t), ( , t), and (m, t) are the fraction of grains having velocities within dv 0 of v 0 , angles within d of , and masses within dm of m at time t, respectively. Using Equation (45), Equation (44) can be rewritten as
The momentum transferred to the surface per unit time per unit area is then given by
since m(1+e)v 0 cos( ) is the normal impulse from a grain-surface collision for a grain of mass m, velocity v 0 , angle , and a grain-surface coefficient of restitution e. Furthermore, assuming that the number density of the system, N /V , and the grain-surface coefficient of restitution, e, are fixed, then Equation (47) can be rewritten as Note that the coefficient of restitution is in general dependent on the impact velocity. However in this case it is assumed that the velocity range is small; therefore, e is taken to be constant. For a detailed discussion on the velocity dependence of e, the reader is referred to the work by Goldsmith [34] . Since v 0 , , and m are independent, then
and assuming that (v 0 , t), ( , t), and (m, t) are independent of time, the normal pressure on the surface is given by
where¯ = Nm/V is the average density andv 2 0 is the mean square velocity of the flow. For constant v 0 , m, and Equation (50) reduces to P = (1+e)v 2 0 cos 2 ( ).
Interacting granular jet
Using the simulation described in Section 2 the average stress on the surface can determined for a number of parameters. As described above, the normal and tangential impulses from each impact can be determined with Equations (26) and (31) . By computing these impulses for each impact, the average stress for a given time period can be determined over a patch on the surface. If this is done over the entire surface it provides information about the profile of stresses as a function of the position. The average stress for a patch with area A over a total time T is given by
where n i and t i are the normal and tangential unit vectors for collision i, respectively, and ( f n t) i and ( f t t) i are the projections of the impulse in the normal and tangential directions, respectively. Figure 6 shows an example for the normal and tangential stresses on a surface from a threedimensional simulation. The surface is divided into grid cells and Equation (51) is used to determine the average surface stress for each cell over a time interval T . In order to measure the uncertainty in the stress calculation, the total time interval T is divided into the sub-intervals of time T n = T /n T . For each sub-interval the surface stress is computed using Equation (51) at every grid cell. This gives n T values of the surface stress at different time intervals for each cell. The reported value of the stress for cell j over the n T samples is the mean value over the n T samples. For example, for the normal stress the mean value is
where T n corresponds to the n th time interval. The reported uncertainty in the solution is the standard deviation of the mean over each cell j. Invoking the central limit theorem, the variance in the sample mean is the variance over all samples divided by the number of samples; therefore, the reported uncertainty in the normal stress is
Normalized surface stress
In order to determine the relative effect of the grain-grain interactions on the surface stress, a normalized stress measure is introduced. This is the ratio of the measured stress, as described in Section 6.2, to the stress from a non-interacting granular jet, as described in Section 6.1. For the normalized normal stress, the average normal stress is scaled by the pressure from the noninteracting granular jet, whereas the normalized shear stress is scaled by the product of the pressure and the static coefficient of friction. Note that normalization by the static coefficient of friction is a somewhat arbitrary choice since the dynamic coefficient of friction or a weighted average of the static and dynamic coefficients of friction could be used. Using Equation (50) the normalized normal and shear stresses for grid cell j are given bŷ
whereS j is computed in the same way asN j using Equation (52). Figure 7 shows the effect of the near-field force strength on the normalized normal (N) and shear (Ŝ) stresses. For this analysis, the near-field coefficients in Equation (3) are chosen such that 1 = 2 and 2 = 3 are constant and 1 / 2 = 0.002 is constant. The magnitude of the near-field forces is varied by varying 1 and therefore 2 by the ratio r c , where 1 =r c 0 . With this choice of parameters, the magnitude of the forces is clearly proportional to r c . For these examples 0 is chosen such that 0 /m = 5.0×10 −4 , wherem is the average mass of the grains. For this choice of parameters, it is seen from Figure 7 that the near-field forces have the effect of reducing the peak stresses on the surface but increasing the size of the region with non-zero stresses. This effect is largely dependent on the equilibrium distance between the grains. For this case, the near-field parameters cause the granular jet to spread out, this leads to the 'spreading' of the surface stress profile. However, if the near-field parameters are chosen so that the granular jet agglomerates, one would expect that the profile would become narrower as r c increases.
For the remaining examples in this section near-field effects are neglected. The first of these examples investigates how the angle of attack, , affects the normalized normal (N) and shear (Ŝ) stresses (Figure 8 ). For = 0 • the normal and shear stresses are symmetric as expected. The shear stress is positive in the region where the grains flow in the positive direction and negative in the region where the grains flow in the negative direction. Initially, as is increased, more material flows to the left than to the right. This causes an increase in the positive shear stress, while the negative part of the shear stress vanishes. Also, by increasing the angle of attack the contact area widens, and therefore the grain-grain interactions decrease. This is seen in Figure 8 as an increase in the magnitude of the normalized normal and shear stresses with increasing . As is further increased, there comes a point where the grains moving toward the surface are not deflected by grains rebounding from the surface. At this point, the grains in that region should exert a normal and shear stress equivalent to that of the non-interacting granular jet. This is seen in Figure 8 Figure 9 shows the effect of varying the flow velocity, v 0 , on the normalized normal and shear stresses. The simulations are carried out for three different velocities. From Figure 9 it is apparent that the normalized stress is independent of velocity. In this simulation the coefficient of restitution was assumed to be a constant. In general, the coefficient of restitution depends on the velocity at impact. Clearly, if this velocity dependence were included in the model the normalized stresses would depend on the velocity. Figure 10 shows the effect of varying the volume fraction of grains, , on the normalized stresses. As the volume fraction decreases, the grain-grain interaction decreases as well. It would be expected that with decreasing volume fraction, the stress would approach that of the ideal non-interacting case. In this case the pressure is constant in the impact region and vanishes outside of this region, resembling a square wave. In Figure 10 it is seen that as decreases, the normalized stresses increase and start to 'flatten' out. While at high values of the stresses are fairly peaked, at low values of they become more flat in the impact region. Figure 11 shows the effect of varying the grain-surface coefficient of restitution, e w , on the normalized stresses. In Figure 11 the stress is seen to increase with decreasing grain-surface coefficient of restitution. As the coefficient of restitution decreases, the grains rebound with less energy from the surface. In turn, these grains have less effect on reducing the kinetic energy of grains approaching the surface.
PARAMETER STUDIES FOR THREE-DIMENSIONAL SURFACE STRESS CALCULATIONS
In this section, a three-dimensional example is presented where the angle of attack is varied for a nozzle with a circular cross-section. For this example, the following parameters are used: = 0.1, the grain-grain coefficient of restitution is e = 0.3, the grain-wall coefficient of restitution is e w = 0.3, and the static and dynamic coefficients of friction for both the grain-grain and grainsurface interactions are s = 0. = (2 /L) o from the axis at a radial distance from the center of the jet, where L is the diameter of the jet and o = 4 • is used for this example. The magnitude of the velocity is chosen to be 20 m/s everywhere. Figure 12 shows the normalized stress patterns for = 0 • . In this case, the stress patterns are radially symmetric as would be expected. For the given process parameters, the normal stress is nearly constant in the region directly under the nozzle and quickly decays outside of this region. The normalized shear stress is nearly zero at the center, this is the region where the tangential impact velocity of the grains is nearly zero. The shear stress increases as the radial distance from the center increases, it then reaches a maximum and decreases to zero as the radial distance from the center increases further. Figure 13 shows the stress patterns for = 10 • . In this case, the normalized normal stress slightly increases in the effective region as x/L increases. When compared with the = 0 • case, the region where normalized shear stress vanishes is located at a higher x/L value. The shear stress is maximized near the negative x/L edge of the effective stress region. Figure 14 shows the stress patterns for = 20 • . Once again, the normalized normal stress slightly increases in the effective region as x/L increases and reaches a maximum at the positive x/L edge. With the higher angle of attack, there no longer exists a region where normalized shear stress vanishes inside of the effective stress region. When compared with the = 10 • case, the maximum shear stress is located at a higher x/L value. Figure 15 shows the stress patterns for = 30 • . In this case, the normalized normal stress is nearly constant throughout the effective region except at the positive x/L edge where it reaches a maximum. The normalized shear stress also reaches a maximum near the positive x/L edge, then decays rapidly as x/L decreases to reach a nearly constant value throughout the rest of the effective region. Note that there are larger stress variation in y direction at these values of . Finally, Figure 16 shows the stress patterns for = 60 • . Here, the normalized normal and shear stresses show the same patterns. They achieve a maximum near the positive x/L edge of the effective region, then decay rapidly as x/L decreases to reach a nearly steady value, and then continue to decrease further as x/L is further decreased. Note that for between 40 and 60 • similar trends in the stress appear, with the exception that the effective region is stretched in the x direction as increases. 
OUTFLOW CALCULATIONS
In order to determine quantities such as momentum, energy, or mass flux at the outflow region, the position, mass, and velocity of a grain are recorded when the grain leaves the outflow box. The outflow region is divided into grid cells and for a time period T and grid size h the quantity of interest is time and volume averaged as where¯ ( h i ) is the rate of the time-averaged quantity for grid h i , j ( h i ) is the quantity of interest for grain j that crossed grid h i , and N i is the number of grains that crossed grid h i in the time period T . The outflow profile is determined by using Equation (55) on all of the individual outflow cells. In order to measure the uncertainty in the outflow calculation, the total time interval T is divided into sub-intervals of time T n = T /n T . For each sub-interval the outflow quantity is computed using Equation (55) at every grid cell. This gives n T values of the outflow quantity at different time intervals for each cell. The reported value of the outflow quantity for cell i over the n T samples is the mean value over the n T samples where T n corresponds to the n th time interval. The reported uncertainty in the solution is the standard deviation of the mean over each cell j
where, as with Equation (53), the central limit theorem was used to derive Equation (57). Figure 17 shows the normalized value of ¯ (h) as a function of the normalized height h/L from the surface, where L is the width of the granular jet as depicted in Figure 1 , and the normalization value is a constant which will be defined in Equation (58). Here,
is an operator that takes the data at each grid cell and returns a piecewise continuous function by linearly interpolating the desired quantity between cells. In Figure 17 a normalized value of ¯ (h) is shown, where the normalization factor R is given by
In the example shown in Figure 17 , = mv x is the momentum flux through the left side of the outflow box in the e 1 direction, as shown in Figure 1 . In order to characterize the outflow conditions of a quantity with a statistical measure, the second and third statistical moments of ¯ (h) are computed. First, the expected value of h/L is computed ash
this value represents the centroid of the flux of ,h is shown for = mv x in Figure 17 . The normalized second moment is computed as
this value represents the spread of the quantity of the granular jet at the outflow region. Figure 17 shows the value for = mv x . The normalized third moment is computed as
where / 3 represents the skewness of the quantity of the granular jet at the outflow region. The uncertainties in R,h, , and are computed using a Monte Carlo approach.
PARAMETER STUDIES FOR OUTFLOW CALCULATIONS
In this section, the effect of the surface morphology and the near-field interaction between the grains on the rate of flux of momentum through the outflow region is investigated for two-dimensional simulations. The rate of momentum flux across an interface can be interpreted as being proportional to the force that would act on the interface if it was replaced by a solid surface. Therefore, the profile, as shown in Figure 17 , represents how the force that would be exerted on a surface varies with height. For this case, R is a quantity which is proportional to the total force andh is the centroid of the force that would be exerted on a surface. For the examples in the remainder of this section, the following parameters are used: = 30 • , = 0.1, v 0 = 20 m/s, the grain-grain coefficient of restitution is e = 0.3, the grain-wall coefficient of restitution is e w = 0.3, and s = 0.3 and d = 0.2.
In this example, the effect of varying the magnitude of the grain-grain near-field forces on the moments of the rate of momentum flux is investigated. For this analysis, the near-field coefficients in Equation (3) are the same as those used for the near-field grain-surface stress example in Section 7. Figure 18 shows the variation of the moments as a function of r c for the rate of momentum flux. Sub-figure (a) shows that the resultant decreases slightly as the magnitude of the near-field forces is increased then reaches a minimum and increases once again as r c is further increased. However, this variation is fairly weak and the total variation of the resultant over the range of r c chosen is close to that of the uncertainty in R. Therefore, the resultant of the rate of momentum flux across the outflow interface is fairly insensitive to r c for the entire range used in this example. Figure 18(b) shows the effect r c on the centroid,h. At first, the centroid increases rapidly as r c increases until it reaches a point where the centroid remains fairly constant with a further increase of r c . For the range of r c used in this example,h is very sensitive to changes in r c for r c <1.5 and fairly insensitive to changes in r c for r c >1.5. Figure 18(c) shows the effect r c on the spread of the granular jet at the outflow region, which is characterized by . Similarly to the trend of the centroid, increases rapidly as r c increases until it reaches a point where it remains fairly constant with a further increase of r c . Clearly, the spread of the granular jet and the 841 centroid is closely related. As the flow spreads out, the centroid must increase since the surface prevents the grains from spreading in the downward direction. Figure 18(d) shows the effect r c on the skewness of the outflow profile, / 3 . At first, the skewness decreases rapidly with increasing r c until it reaches a point where it remains nearly constant as r c is increased further. The skewness remains positive for the entire range of r c used in this example. Positive skewness corresponds to the profile of the outflow having a longer tail in the direction of increasing height. As was the case withh, it is expected that the skewness decreases since there is more space for the grains to flow out between the surface and the centroid of the flow.
For the next example, the effect of surface morphology on the moments of the rate of momentum flux is examined. For this case, no near-field effects are considered. The surface is modeled as a periodic surface that is parametrized by its amplitude A and wavelength . Figure 19 shows a schematic of the surface that is constructed with a sinusoidal function. For this analysis, two different parameter studies are considered. For the first study, the normalized amplitude,Â def = A/L, is held fixed while the number of asperities, n a def = L/ is varied, where L is the width of the jet (see Figure 1 ). For the second study, n a is varied whileÂ is fixed. Figure 20 shows the variation of the moments as a function of n a for the rate of momentum flux. Sub-figure (a) shows the effect on the resultant, R. The resultant decreases as n a is increased then reaches a nearly constant value. This is expected, since as the surface becomes rougher, more energy is removed from the grains. This decrease occurs more rapidly for smaller values of n a and then tends to level off for higher values of n a . Therefore, the resultant of the rate of momentum flux across the outflow interface is more sensitive for small n a than for large n a . Figure 20(b) shows the effect n a on the centroid,h. The centroid is seen to increase at a fairly constant rate with respect to n a . The first point in Figure 20 (n a = 0) corresponds to a perfectly flat surface. Clearly, there is a large change between a perfectly flat surface and the first non-zero data point of n a . It is expected that the results approach those of a flat surface as n a → 0 andÂ → 0. For values of n a <2,h is very sensitive to changes in n a and is less sensitive as n a is further increased. Figure  20(c) shows the effect n a on . As was seen with the sensitivity ofh and to r c , the centroid and spread of the flow are closely related. Here,h and show similar trends of a nearly constant increase in as n a is increased for n a >2. Figure 20(d) shows the effect n a on the skewness of the outflow profile. The skewness decreases with increasing n a at a fairly constant rate for n a >2. The skewness is positive for n a <10 and negative for n a >12, this corresponds to an outflow profile having a longer tail in the direction of increasing height for n a <10 and a longer tail in the direction of decreasing height for n a >12. Figure 21 shows the variation of the moments as a function of the normalized amplitude,Â, for the rate of momentum flux. Sub-figure (a) shows that at first the resultant decreases asÂ is increased and then R reaches a nearly constant value asÂ is further increased. Therefore, the resultant is highly sensitive to changes in the height of the asperities up to a certain height at which point it becomes insensitive to further changes inÂ. As the height of the asperities is increased beyond a critical point the grains become stagnant in between the asperities and fill the asperities. After this point, any changes in the height of the asperities have no effect on the outflow of the grains. Figure 21(b) shows that the centroid increases rapidly with increasingÂ at first and less rapidly asÂ is further increased. It is also noted that asÂ → 0,h approaches the value obtained from a perfectly flat surface that corresponds toÂ = 0 in Figure 21(b) . Figure 21(c) shows that has a similar trend toh asÂ is varied. However, whileh keeps increasing slightly forÂ>0.04, remains nearly constant for this range ofÂ. Figure 21(d) shows that the skewness decreases with increasingÂ forÂ<0.04 and is nearly constant forÂ>0.04. 
CONCLUDING REMARKS
In this paper a simulation of near-field granular jets impinging on a surface was developed, and an analysis of the following three areas was performed: (1) volume-averaged quantities; (2) surface tractions; and (3) outflow conditions. In particular, the analysis of surface tractions has tangible applications for industrial processes. For blast cleaning applications, Ciampini et al. [32] performed parametric studies to determine how particle interference affects the amount of power that is transmitted to the surface with respect to the total power available. Their parametric studies were performed at lower grain volume fractions than those reported here, but similar trends were found in this work. For example, they found that increasing the grain-surface coefficient of restitution decreased the amount of power transferred to the surface as is evident here from Figure 11 . Another application of the surface stress profile calculations is the generation of desired surface geometries, for example using abrasive jet micromachining (see [38] and [39] ). The surface stress patterns could be used to predict the initial surface geometry. Conversely, an inverse problem could be solved to generate a desired surface from a range of possible flow parameters. For example, the large variations in the stress profiles for varying angle of attack could be used to generate a range of geometries on a surface. Zohdi [27] [28] [29] [30] has dealt with the solution of inverse problems in granular flow applications using genetic algorithms. These same techniques could be used to deal with these granular jet applications.
